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Abstract. We prove that if X is a complete metric space dense-in-itself, Y is a compact metric space and F: X X X\ {(x, x): x e X] -* Y is a Borel-measurable function such that F(xx, x2) = F(x2, x, ) for every xx, x2 £ X, xx ± x2, then there is a perfect subset P of X such that F is uniformly continuous on P X P\{(x, x): x e P ). An immediate corollary of the above result is the following theorem proved by Bruckner, Ceder and Weiss: If F is a real continuous function defined on a perfect set P c R, there is a perfect subset Q of P such that f\ Q has a derivative (finite or infinite) at every point of Q.
For any set A we shall use the notation A2 = A X A and D(A) = {(x, x): x e .4}. 5(^4) will denote the diameter of A for A c Ä. A subset 5 of a cartesian square is called symmetric if (y, x) e 5 whenever (x, j>) g 5.
We prove the following Theorem. // X is a complete metric space dense-in-itself, Y is a compact metric space, and F: X2\D(X) -> Y is a Borel-measurable function such that F(xx, x2) = F(x2, xx)for every xx, x2 e X, x, =£ x2, í/ie« i/iere is a perfect (i.e., nonempty, closed, and dense-in-itself) subset P of X such that F is uniformly continuous on P2\D(P), whence it has a continuous extension to the whole P2.
The first part of the conclusion of this theorem, with "continuity" instead of " uniform continuity", is 2.3 in [2] . But, in fact, we want the continuous extension of F to D(P) (what uniform continuity gives us), whence we can derive the following result of Bruckner, Ceder, and Weiss [1] :
Let f be a real continuous function on a perfect set P of real numbers. Then there exists a perfect set Q contained in P such that the restriction off to Q has a derivative (finite or infinite) at every point of Q.
Indeed it is enough to put X = P, Y = [0,1] and
where <p is any homeomorphism of R onto (0,1). From now on <£ will denote only the Cantor discontinuum, i.e., the set of all numbers of [0,1] with triadic expansions in which digit one does not occur.
We can assume without any loss of generality that X = "rf, because every complete dense-in-itself metric space contains a copy of <£.
We can also assume Y = (€. Indeed, for every compact metric space Y there is a continuous surjection /: ^ -» Y. Then g(y) = min{c S ^ : f(c) = y) is a Borel measurable function such that / ° g is the identity map on Y. Thus, if F satisfies the assumptions of our theorem, we can consider g ° F: X2 \ D( X) -» SP, for which, if the theorem is true for <€ as an image space, there is a perfect set P c X such that g ° F is uniformly continuous on P2\D(P).
Now it is enough to notice that = / ° g ° ^-Our main tool is the following result of Galvin (announced in [3 and 4] in more general form):
Main Lemma. Let A and B be symmetric Borel subsets of ft2 and (€2 \D((€ ) c A U B. Then there exists a perfect subset P of ^ such that P2\D(P) c A or
The proof of the lemma can be found in [2] . It was based on Mycielski's theorem
Proof of theorem. We can assume with no loss of generality that F is continuous on^2\Z)(^)(see2.3in [2] ).
By We shall prove that the set P = n"_i U(/i . ,,n) P(i ;) has the desired property, i.e. F\P2\D(P) is uniformly continuous.
Let us fix n. Let A =ö{P(il.uXVa^'i.'XA.-J.)}-v4 is compact, so F\A is uniformly continuous, whence there is 80 > 0 such that \F(u) -F(v)\ < 2"" whenever u, v e A and the distance from u to v is less than <50. Let 8, be the smallest distance between different sets Pn ,■ , X P.,. , v The oscillation of F on each set P(2 , )\D(P0 , }) does not exceed 2~". Thus, |F(w) -F(v)\ < 2"" whenever u, v g P2\I>(P) and the distance from u to u is less than min{ ô0, 8X}. This finishes the proof.
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